The aim of this paper is to find a model to be used for the bivariate description of extreme wave heights and wave periods representing relatively deep-water sea states. To achieve this, four statistical models taken from literature and a model based on the physical behaviour of waves have been tested on wave data at two sites. The models have been compared with regard to their ability to correctly describe the data, their behaviour when used for extrapolation to extreme events, and the transparency of the methods.
Introduction
In the design of coastal structures, a probabilistic approach is often adopted. In such an approach, the failure modes of the structure are described in the form of limit states. The input parameters of the limit state function are the stochastic load and strength parameters corresponding with the failure mode, like wave heights, wave periods, soil characteristics, etc.
Well-known statistical methods are available to derive the marginal distributions of all stochastic wave parameters. However, in view of the dependence structure between wave heights and wave periods, marginal analysis is in itself insufficient to come to an accurate description of the long-term wave climate. This is recognised in earlier research by several authors. Research effort of several groups around the world has led to a large number of methods to deal with the problem of bivariate statistical analysis in wave climate studies and other areas (see reference list).
It appears that, despite the large number of methods in existence, they are not very well known in engineering practice. This might be caused by the fact that the criteria based on which a choice should be made are not very clear.
In this paper, an overview of a number of methods taken from literature will be given. Furthermore, a method based on the physical behaviour of waves has been added. All the methods are tested on wave data at two sites, representing relatively deep-water wave fields. The study has been focussed on the description of extreme wave data.
Overview of the methods
The following methods for the bivariate description of wave height and wave period have been studied: − A bivariate Log-normal model (Ochi, 1978) ; − A bivariate Log-normal with correction for skewness (Fang and Hogben, 1982) ; − A marginal distribution for the significant wave height and a conditional distribution for the peak period (Mathiesen et al., 1993; Haver, 1985) ; − A model based on marginal distributions of significant wave height and wave steepness, combined with a function describing the peak period as a function of wave height and steepness (Vrijling, 1996) ; − The bivariate model of Morton and Bowers (1997) A bivariate Log-normal model (Ochi, 1978) Ochi (1978) introduced the use of a bivariate Log-normal distribution for the joint distribution of the significant wave height ( s H ) and the peak period ( p T ) (or zeroupcrossing period ( z T )). The joint probability density function (PDF) of this model may be written as (Fang and Hogben, 1982) An attempt to improve the bivariate Log-normal model has been made by Fang and Hogben (1982) . They included a measure of skewness in a term modifying the Lognormal form of the marginal distribution of s H . The PDF of this bivariate model, also called the Fang and Hogben distribution, is given by A marginal distribution for the significant wave height and a conditional distribution for the peak period (Mathiesen et al., 1993; Haver, 1985) This model consists of a marginal PDF for the significant wave height and a conditional PDF for the peak period. It is based on the expression
In this model, the location, scale (and shape) parameter of the conditional distribution are defined as a function of the significant wave height. In agreement with earlier case studies (Mathiesen et al. (1993) , Haver (1985) ), the parameter functions of the conditional distribution have been modelled by purely empirical regression functions. In the present study, the following empirical functions have been used: A model based on marginal distributions of significant wave height and wave steepness, combined with a function describing the peak period as a function of wave height and steepness (Vrijling, 1996) This method has been proposed by Vrijling (1996) . It is based on the assumption that the significant wave height (H s ) and the wave steepness (s) are independent.
Assuming a deep-water wave field and starting from the linear wave theory, the wave steepness based on the peak period is defined as
in which g is the acceleration of gravity. The joint PDF of the significant wave height and peak period can be derived by transforming the joint PDF of significant wave height and wave steepness. The bivariate model of significant wave height and peak period is then given by
where J is the Jacobian of the transformation
The bivariate model of Morton and Bowers (1997)
Morton and Bowers (1997) have developed a relatively complicated bivariate model. A detailed description of the model can be found in their article mentioned in the reference list.
The joint distribution is given by ) , (
In the above equations, 1 x and 2 x are the significant wave height and the peak period respectively. The parameters 1 z and 2 z represent the significant wave height and the peak period transformed into the Frechet space. Further ϕ is a parameter describing the dependence between the significant wave height and the peak period.
Case studies
The different methods have been used to analyse deep-water wave data from the North Sea and the Indian Ocean.
Description of the North Sea data
The North Sea data has been measured at the wave station of the Euro platform, which is situated along the Dutch coast near Hoek van Holland. In this region, the average daily wave field contains swell formed at the Atlantic Ocean and wind waves generated by a South Westerly wind. The local extreme sea states are mainly caused by South Westerly and North Westerly storms. The most extreme sea states at this site are most likely to be generated by North Westerly winds, due to the bathymetrie of the North Sea.
The selection of data for the extreme wave analysis consisted of three steps. In the first step, the homogeneity of the data has been considered. On basis of physical arguments, from the initial data set, that consisted of 37.591 three-hourly observations of significant wave height and zero-upcrossing period for 1979 -1991, the data of swell have been censored. To be able to distinguish wind waves and swell, waves with a wave steepness (based on the zero-upcrossing period) smaller than 5.5% have been assumed to be swell. In the second step, the independency of the wave data has been taken into account. From the remaining data set, data points representing (independent) maxima of separate storms have been selected. The selection has been based on the assumption that the minimum duration of a storm at the North Sea is approximately 25 hours. In the third step, with the Peak Over Treshold (POT) method, three sets of extreme observations have been composed, using the treshold levels H s = 2.00 m (971 observations), 4.50 m (59 observations), and 5.00 m (22 observations).
Description of the Indian data
The Indian data have been measured at the South-West coast of India, near Karwar. The local wave climate is characterised by monsoon periods.
Each year during the months June, July and August, the South Westerly monsoon is blowing, causing a wave field with an average significant wave height of approximately 2 m. During this period, the wind waves generated by the South West monsoon grow on swell formed in the South of the Indian Ocean ("roaring forties").
During the other months of the year, the sea is very calm. Further, on the average, one time a year the coast is being hit by a hurricane.
Two sets of wave data have been analysed. The first data set consisted of 3-hourly observations of significant wave height and peak period measured during the months June and July of 1988. The sample contained 167 observations above the threshold level H s = 1.95 m. Similar with the North Sea data, on basis of physical arguments, distinction should be made between wind waves and swell. However, due to the fact that during the South-West monsoon the direction of swell corresponds with the wind direction of the monsoon, it is very difficult to distinguish both wave types. The second data set consisted of 25 hindcasted significant wave heights and peak periods of hurricanes.
Marginal statistical analysis of the wave climates
To construct the bivariate models, first a marginal analysis has been performed. As marginal distributions for the significant wave height, the zero-upcrossing or peak period, and the wave steepness (s), the Exponential, the Gumbel, the three-parameter Frechet, the three-parameter Weibull, and the two-parameter Log-normal distribution have been tested. As parameter estimation method the method of moments (MOM), the linear least squares method (Lin LS), the non-linear least squares method (N Lin LS), and the maximum likelihood method (MAX) have been used. Various combinations of distribution type and parameter estimation method have been tried in order to find marginal models that closely fit on the data. The goodness of fit of the various combinations has been judged visually.
Bivariate statistical analysis of the wave climates
On basis of the outcome of the marginal analysis, for each data set of extreme observations, a number of bivariate models have been composed. Table 1 shows the tested bivariate models, including the corresponding marginal distributions and the estimation methods for the parameters of the marginal models. The bivariate models, which gave a relatively accurate representation of the data, have been marked with grey. 
Results

Data selection
The data selection has found to be a crucial aspect of the statistical analysis. To obtain a homogeneous data set, it appeared to be necessary to examine the data on its physical origin. In the case of the charier study, the data set of the South-West monsoon period contained both wind waves and swell. On basis of physical arguments, this data set should be considered as inhomogeneous. Probably as a result of the inhomogeneity of the data, it appeared to be difficult to obtain a close fit on the data. In the case of the North Sea data, an attempt to improve the homogeneity of the data has been made by censoring the data of swell. After the censoring of swell, it was found that the remaining data (wind waves) could much better be described by the statistical models. Though, an even better fit would probably have been reached, if the remaining data set would have been split up in two sub sets: the first subset containing waves generated by South Westerly storms, the second subset containing waves generated by NorthWesterly storms. Such an approach might be interesting for further investigations.
Marginal analysis
It appeared that, in general, the quality of fit of the bivariate models on the data strongly depends on the fit of the corresponding marginal distributions, (which seems to be obvious). In case that the marginal distributions poorly fit on the data, the performance of the bivariate models is also poor. For the marginal modelling of the significant wave height, the Weibull and the Gumbel distribution gave the best results. The marginal Log-normal distribution tended to under predict the extreme region of the significant wave height. Similar results were found in earlier research by several authors (e.g. Mathiesen et al. (1993) . With regard to the wave period, (zero-upcrossing or peak period), the marginal LogNormal distribution gave the closest fit on the data. For the marginal description of the wave steepness, the Weibull distribution is preferred. Due to the inclusion of the shape parameter, this distribution could be fitted relatively close on the steepness data. Figure 1 shows a selection of the marginal analysis of the North Sea data above H s = 4.50 m (59 observations).
Figure 1.
Selection of the marginal analysis of the North Sea data above H s = 4.50 m
Bivariate analysis
The bivariate Log-normal distribution tended to under predict the upper sea states. As mentioned above, this is probably caused by the fact that the marginal Log-normal distribution of the significant wave height tended to under predict the extreme region.
On basis of the results of the case studies, this model is not recommended to use for a bivariate description of a long-term wave climate.
The bivariate Log-normal model with correction for skewness has previously been proposed by Fang and Hogben (1982) as a modified version of the bivariate Lognormal model. In the present study, the model appeared to be almost identical to the "regular" bivariate Log-normal method; no improvements were found in the fit of the extreme sea states. Therefore, this model is also rejected as model for the bivariate description of wave height and wave period.
The method based on a conditional distribution for the wave period appeared to be only suitable in case that large data sets are used. As described previously, in this method, empirical regression functions describe the parameters of the conditional distribution of the wave period as a function of the significant wave height. To model the regression functions, it is necessary to split up the wave period data set in a number of subsets, and to estimate for each subset the parameters of the corresponding conditional distribution. It is obvious that this method can only be followed in case that a large data set (approximately 100 data points or more) is available. The problem is however that, in case of an extreme wave analysis, the available number of storm observations is usually relatively small.
The method of Morton and Bowers is probably to complicated to use in daily practice. It is most likely that civil engineers will consider this sophisticated mathematical model as a black box. In contrast with the above model, the fit of this model on wave data seems to improve when the number of observations decreases. The bivariate method based on the marginal distribution of the wave steepness provided the best results. This might probably be due to the fact that the model is based on a physical relationship between wave height and period: the model includes the physical limitations of waves by using the marginal description of wave steepness.
On basis of the case studies, the assumption that significant wave height and wave steepness are independent seems to be justified. Figure 4 shows the wave steepness data of the North Sea (above the treshold levels H s = 4.5 m en 5.0 m) as a function of the corresponding significant wave height data. As can be seen from the figure the two wave parameters are not correlated. Mitsuyasu et al (1975) proposed a dependence model between wave height and wave period that shows a decreasing wave steepness as conditions get more extreme. This is not supported by the data in this study. Further research is needed to explain this discrepancy for which Webs (2000) shows some results.
Figure 4.
Fit of the wave steepness model on the North Sea data above H s = 4.50 m and 5.00 m. In the bivariate models, the significant wave height and the wave steepness are both described by a Weibull distribution.
Conclusions
The aim of this paper was to find a model to be used for the bivariate description of extreme wave heights and wave periods representing relatively deep-water sea states. To achieve this, four statistical models taken from literature and a model based on the physical behaviour of waves have been tested on wave data at two sites. The models have been compared with regard to their ability to correctly describe the data, their behaviour when used for extrapolation to extreme events, and the transparency of the methods.
In the case studies, the model based on physical relations gave the best results and is therefore recommended. It is based on the marginal distribution of significant wave height and the marginal distribution of wave steepness. In contrast to the other models, the model gave a relatively close fit on the data. Furthermore the model is relatively easy to use in daily practice.
Besides the performance of the bivariate models, the study also showed that data selection forms a crucial aspect of a statistical analysis. In case of an extreme wave analysis, it is necessary to use a homogeneous data set that contains observations representing maxima of separate storm events. To obtain a homogeneous data set, it is advised to examine the data on its physical origin.
